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The Quantum Null Energy Condition (QNEC) relates energy to the second variation of entropy
in relativistic quantum field theory. We use the QNEC inequality to bound entanglement entropy
in quenches. At early times the entanglement entropy grows quadratically in time, and the QNEC
provides an upper bound on the prefactor. We demonstrate that the bound is tight, by showing that
it is saturated in certain quench protocols: boundary state quenches in conformal field theories in
any dimensions. In higher than two dimensions we compute entanglement entropy using AdS/CFT.
Our results are the first purely field theoretic applications of the QNEC.
INTRODUCTION
Positivity of energy is an important consistency re-
quirement of relativistic quantum field theories (QFTs).
QFT allows for localized negative energy, but various in-
tegrals of the energy momentum tensor are positive. The
QNEC quantifies how negative the (null) energy can be at
a spacetime point, by relating it to the second variation
of entanglement entropy [1–5], and hence is of significant
conceptual importance in QFT.
In this letter, we turn the logic of QNEC around and
use the null energy to bound the second time deriva-
tive of the entropy in an out of equilibrium setup. We
study the entanglement entropy of subregions in quan-
tum quenches: we take a closed system in a homogeneous
out of equilibrium (short range entangled) excited state,
let it unitarily evolve and ask how quantities of inter-
est change with time. The quench setup provides insight
into the process of thermalization, hence it is of central
importance in high energy [6, 7], condensed matter [8–
10], and quantum information theory [11, 12], and in cold
atom experiments [13].
In a generic strongly coupled many-body system in
highly excited states, entanglement entropy is very hard
to compute, hence it is valuable to constrain its dynam-
ics by providing the tightest possible bound on it: this
is what we set out to achieve. If the state created by
the quench has time reflection symmetry at t = 0, the
entropy starts growing quadratically in time; for flat en-
tangling surfaces Σ (corresponding to half space or strip
subregions) we have
S(t) = S0 + s2AΣt
2 +O(t4) . (1)
Applying the QNEC to this setup we find that
s2 ≤ pic~ (e+ p) , (2)
where e is the energy density and p is the pressure. We
show that this bound is tight by constructing states in
conformal field theory (CFT), where s2 =
pic
~ (e+p). The
bound (2) is our main result, but we also consider gener-
alizations of it below.
In recent years it has proven a fruitful direction to take
the GN → 0 limit of conjectured quantum gravity bounds
to obtain field theory inequalities [14–18]. These inequal-
ities can then be independently proven with field theory
methods, and they yield new knowledge about field theo-
ries and can in turn teach us about semiclassical quantum
gravity. The QNEC is the latest such inequality, and the
bounds derived in this paper are the first purely field the-
oretic applications of it. We anticipate that applying the
QNEC in time dependent setups could teach us valuable
lessons about out of equilibrium dynamics.
BOUNDING ENTROPY USING THE QNEC
To state the QNEC, we have to introduce the setup
and some notation. We work in d-dimensional Minkowski
space with coordinates xµ, and set ~ = c = kB = 1:
these can be restored by dimensional analysis. Let us
choose an entangling surface Σ defined by embedding
functions xµ = Xµ(y), where yi are the d−2 coordinates
parametrizing the surface. We choose an orthogonal null
vector field kµ(y) on Σ and let λ be an affine parameter
along the geodesics generated by kµ.[19] For infinitesimal
λ the surfaces Σ(λ) defined by xµ = Xµ(y) + kµ(y)λ are
deformations of the original entangling surface.
We will use the nonlocal version of the QNEC, which is
obtained by integrating the local version over the surface
Σ:
2pi
∫
dd−2y
√
hΣ 〈Tµν〉 kµkν ≥ d
2
(dλ)2
S[Σ(λ)] , (3)
where Tµν is the stress tensor, S[Σ(λ)] is the entangle-
ment entropy across Σ(λ), and both sides are evaluated
in a state |ψ〉 that we left implicit. Note that the nonlocal
version of the QNEC remains local in time.[20]
Our aim is to get information about entanglement en-
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2tropy across entangling surfaces Σ(λ) that lie on a con-
stant time slice. This requirement restricts the regions
whose entanglement entropy we are able to constrain
with the current argument to be a half space or a union of
parallel strips (and spheres in CFTs discussed later).[21]
Let us first consider the case when the surface Σ is a
flat plane localized in x0 = t, x1 = x and extended along
xi+1 = yi, (i = 1, · · · d − 2), introduce light cone coordi-
nates x± ≡ x0± x1, and choose kµ = ∂+. Evaluating (3)
gives
2pi
∫
dd−2y
〈
T++(t, x, y
i)
〉 ≥ ∂++S(t, x) , (4)
where S(t, x) is the entropy across a plane located at
(t, x). We further specialize to homogeneous states,
in which ∂xS(t, x) = 0, and since the stress tensor
is a conserved current, its one point function is time
independent, 〈Tµν(xµ)〉 = const. We have 〈T++〉 =
1
4 (〈T00〉+ 〈T11〉) = 14 (e+ p) in terms of the energy den-
sity e and pressure p. Then (4) becomes
2piAΣ(e+ p) ≥ d
2S(t)
dt2
. (5)
The bound is most interesting for a state that has time
reflection symmetry at t = 0. The symmetry implies that
S˙(0) = 0, and we can expand the entropy at small t as in
(1). From (5) the coefficient s2 is bounded as announced
in (2). We can repeat the same argument for the union
of parallel strips. We make the choice k = ∂+ on each
disconnected component of Σ, use the Ansatz (1) and
arrive at the same bound (2).
For shapes different from half space, we do not know
how to bound the s2 from the QNEC. However, if the ini-
tial state at t = 0 is short range entangled with correla-
tion length ξ, then for shapes of curvature radius R ξ,
we expect the Ansatz (1) to be valid with s2 bounded by
(2).
At later times, the entropy is known to grow linearly
[6, 7, 22, 23],
S(t) = S0 + vE seqAΣ t+ · · · , t teq , (6)
where seq is the equilibrium entropy density in the evolv-
ing state |ψ(t)〉, vE is the entanglement velocity, while teq
is the local equilibration time. This linear growth does
not contribute to the right hand side of (5), which hence
is trivially satisfied. (We provide improvement on this
state of affairs in d = 2 CFTs below.) The linear growth
can in turn be bounded using strong subadditivity of en-
tanglement entropy [24] and the monotonicity of relative
entropy [25, 26]. It would be very interesting to combine
these bounds with the QNEC.
GENERALIZATION FOR CFTS
In d = 2 CFT there exists a stronger version of the
QNEC [2, 27]:
〈Tµν(x)〉 kµkν ≥ d
2
dλ2
S(x) +
6
c
(
d
dλ
S(x)
)2
, (7)
where S(x) is the entropy of half space ending on x and
c is the central charge of the CFT. The same steps as
in the analysis of the half space case above lead to no
improvement on the bound (2) on s2, since the new term
in (7) is zero at t = 0. At later times, however, (7)
provides an important improvement over the bound (5),
as will be shown when we analyze concrete quenches.
If the system in question is a higher dimensional CFT,
another version of the QNEC also exists that applies to
spherical regions of radius R [2]:
2piRd−2
∫
dΩ 〈Tµν(Ω)〉 kµkν
≥ d
2
dλ2
∆S[Σ(λ)]− 2
R
d
dλ
∆S[Σ(λ)] ,
(8)
where ∆S[Σ(λ)] is the vacuum subtracted entanglement
entropy of the sphere Σ(λ), and the null vector is taken
to be in the inward radial direction, kµ = (1,−rˆ), hence
d
dλ = ∂t − ∂R. In a time reflection symmetric state, we
adapt (1) to the sphere setup
∆S(t, R) = ∆S0(R) +AR s2(R) t
2 +O(t4) , (9)
where AR is the surface area of sphere. Because the en-
tropy of the vacuum state does not change with time, we
ommited the ∆ from s2(R). Since a state generically has
an intrinsic correlation length scale, ∆S0(R) and s2(R)
can have an arbitrarily complicated R dependence. Plug-
ging this into (8) we obtain:
s2(R) +
1
AR
(
1
2
∆S′′0 (R) +
1
R
∆S′0(R)
)
≤ pi(e+ p) ,
(10)
where p = e/(d − 1) due to the CFT equation of state.
This bound is not as clean as in the half space case, but
it may prove to be useful, if we know the entanglement
structure of the initial state. If we assume that the initial
state was a scale invariant state distinct from the vacuum,
then ∆S′0(R) = 0, and we get s2 ≤ pi(e+p) that takes the
same form as (2).[28] We construct such a special excited
state below.
Another case when we can simplify (10) is the R→∞
limit. Since no state is expected to have super-volume
law entanglement, we have at most S0(R) ∼ Rd−1, which
makes the terms coming from S0(R) subleading to s2(R),
and we again recover the formula s2(∞) ≤ pi(e + p).
3This result is in line with the discussion of large arbi-
trary shapes above.
QUENCHES SATURATING THE BOUND
We have obtained a bound on s2. A bound is the most
interesting if it is tight, i.e. there exists a setup when
it is saturated. In such a favorable case we know we
cannot improve the bound any further without making
extra assumptions. We now show that the bound on s2
(2) is tight.
Let us consider a conformal field theory (CFT), and
prepare the following out of equilibrium short-range en-
tangled time reflection symmetric initial state [6]:
|ψ0〉 = e−β/4H |B〉 , (11)
where |B〉 is a conformal boundary state and β
is the effective inverse temperature of the state,
〈ψ0|H|ψ0〉/〈ψ0|ψ0〉 = E(β) [29].[30] We time evolve this
initial state according to |ψ(t)〉 = e−iHt|ψ0〉 and want
to understand the entanglement entropy of half space in
this state.
In d = 2 Calabrese and Cardy determined this entan-
glement entropy by CFT techniques [6]:
S(t) =
c
6
log
[
β
2pi
cosh
(
2pit
β
)]
=
c
6
log
(
β
2pi
)
+
c pi2
3β2
t2 +O(t4) ,
(12)
where we denoted the short distance cutoff by , and in
the second line we expanded their answer for early time
and defined S0 =
c
6 log
(
β
2pi
)
. Using the equation of
state e = p = c pi6β2 , we read off that
s2 = pi(e+ p) =
c pi2
3β2
, (13)
saturating the bound (2). In fact, remarkably S(t) satu-
rates for all times the stronger version of QNEC (7) valid
in d = 2 CFTs,
pi(e+ p) = S¨(t) +
6
c
S˙(t)2 . (14)
This means that the stronger QNEC bound (7) in d = 2
CFT is tight for all times.[31] The equality is only true for
half space, but is expected to be a good approximation
for intervals of width L for t < L/2.
In higher dimensional CFTs conformal symmetry is
less powerful, and we do not know how to obtain S(t) in
general. For CFTs that have a holographic dual descrip-
tion, however, the HRT prescription [32–34] provides an
elegant method for computing the entanglement entropy
as the area of an extremal surface in the geometry dual
to the state |ψ(t)〉, which is the eternal black brane cut
in half by an end of the world brane [7]:[35]
ds2 =
1
z2
(
−a(z)dt2 + dx2 + dz
2
a(z)b(z)2
)
, (15)
where t,x are the field theory and z the bulk radial coor-
dinate, a(z), b(z) are functions constrained by the AdS
boundary conditions at z = 0 and the null energy condi-
tion (NEC). Without loss of generality we put the horizon
at zh = 1, where a(1) = 0. The most natural geome-
try corresponds to the AdS Schwarzschild black brane,
a(z) = 1 − zd, b(z) = 1: this geometry is expected to
model a family of boundary states |B〉. See Fig. 1 for the
Penrose diagram and the sketch of the HRT surface that
ends on the end of the world brane.
tE =
 
4
t
|Bi
HRT	
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ary state quench state |ψ(t)〉. Lorentzian time flows upwards,
while Euclidean time tE is drawn perpendicular to the page.
The geometry is that of an eternal black brane cut in half
by an end of the world brane. The horizon is a diagonal
black line, the singularity is a red line, the t = 0 hypersurface
and the AdS boundary are drawn by blue, while the end of
the world brane is a dashed orange line. The HRT surface
computing the entropy of half space is a purple curve: its
nontrivial motion is in the (t, z) plane, while it stays a flat
plane in the x directions that are suppressed on the figure.
The entanglement entropy is computed by the para-
metric function (t(z∗), S(z∗)), where z∗ is the location,
where the HRT surface ends on the end of the world
brane, given by the integrals
t(z∗) =
ipi
a′(1)b(1)
−
∫ z∗
0
dz
a(z)b(z)
√
1− a(z)a(z∗)
(
z∗
z
)2(d−1) ,
S(z∗) =
AΣ
4GN
∫ z∗

dz
zd−1
1
b(z)
√
a(z)− a(z∗)
(
z
z∗
)2(d−1) ,
(16)
where GN is Newton’s constant in the AdS gravity the-
ory. We provide the derivation of these formulas as well
4as their detailed analysis in the Supplemental Material
(SM). The integrals can be evaluated at early time cor-
responding to z∗ ∼ 1:
t(z∗) = C1
√
z∗ − 1 +O(z∗ − 1) ,
Sˆ(z∗) = C2AΣ (z∗ − 1) +O
(
(z∗ − 1)2
)
,
(17)
where Sˆ(z∗(t)) ≡ S(t) − S(0) and Ci are constants that
are functionals of a(z), b(z) and are given in the SM.
From (17) we obtain
Sˆ(t) =
C2
C21
AΣ t
2 +O
(
t4
)
=⇒ s(holo)2 =
C2
C21
. (18)
The combination pi(e+p) can be read off from the near
boundary behavior of the geometry (15) according to the
holographic dictionary [36]:
a(z) = 1− adzd + · · · ,
pi(e+ p) =
dad
16GN
,
(19)
and in the SM we show that the NEC implies
s
(holo)
2 ≤ pi(e+ p) , (20)
with equality only for the AdS Schwarzschild black brane.
We note that in d = 2 the holographic formula recovers
the field field theory result (13).
Our result achieves two goals at once. First, it provides
an alternative, holographic derivation of the bound (2)
that was obtained from the QNEC. Second, it shows that
the bound is tight: it is saturated in holographic CFTs
in the boundary state quench (11) (for |B〉 such that we
get the Schwartzschild geometry).
We remark that there is a curious example of colliding
shockwaves in holography, where the saturation of the
nonlocal version of the QNEC was observed numerically
[37]. In holography in d = 2 many states obeying the
analog of (14) were found in [38, 39]. Note, however,
that (14) is true in any d = 2 CFT not just in those with
semiclassical holographic duals.
ANOTHER SPECIAL QUENCH PROTOCOL
In gravity it is natural to consider the Vaidya space-
time that describes a very thin collapsing null dust shell
that forms a black brane. The spacetime is obtained by
gluing pure AdS spacetime to a black brane spacetime
across a null hypersurface, see Fig. 2 and the SM.
The dual CFT state is obtained by acting on the vac-
uum with a product of operators O inserted in small
Euclidean time t = ia and distributed on a lattice whose
tE =
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FIG. 2. Penrose diagram of a Vaidya spacetime. The infalling
matter shell is a diagonal orange line, and we glue a pure AdS
spacetime (dual to |0〉) to a black hole spacetime across it.
lattice constant a we take to be small [40, 41]:
|ψ0〉 =
 ∏
n∈Zd−1
O(ia, an)
 |ψ0〉 . (21)
This state has energy density e ∝ ∆O
ad
, and has an ap-
proximately scale invariant entanglement structure for
regions with R  a.[42] This is a special scale invariant
excited state we were looking for to make the bound for
spheres (10) easier to apply.
Using holographic duality, following [22, 23] in the SM
we compute the early time growth of entanglement en-
tropy across arbitrary entangling surfaces Σ. The result
is
S[Σ(t)] = S0[Σ] + s
(holo)
2 AΣt
2 +O(t4) , (22)
where s
(holo)
2 is independent of the shape, and S0[Σ] de-
pends on the shape but not on the overall size. Both our
QFT bound for half space (2) and our CFT bound for
spheres (10) can be used to bound s
(holo)
2 ≤ pi(e+ p).
It turns out that the bound is too loose for these states.
Using the NEC, in the SM we give a holographic proof
that in the state (21) dual to Vaidya spacetimes obeys
s
(holo)
2 ≤
pi (e+ p)
d
, (23)
which is a factor of d stronger than the QNEC bounds
(2) and (10).[43] For d = 2 the factor of 2 improvement
over (2) in (23) was noticed in [39]. It would be very
interesting to find an alternative proof method in field
theory to demonstrate (23) for the special class of states
considered here.[44]
5CONCLUSIONS AND OUTLOOK
In this paper, we used the QNEC, a novel insight
into the relation between energy and entropy in QFT
to bound the entanglement entropy in quenches. The
bounds are most interesting at early times (see however
(14) in d = 2 CFT), where we have shown that the con-
formal boundary quench protocol saturates the bound
(2).
The bound on s2 applies to any experimental or the-
oretical setup, where the Hamiltonian and the quench
state are close to the continuum limit that is described
by a relativistic QFT, hence it can provide a valuable
consistency check of these results.[45] It also provides the
maximum value for s2, to which we can compare the mea-
sured or computed value.
In the future it would be interesting to extend the
bounds to other shapes by perhaps including more infor-
mation about the entanglement structure of the initial
state. Another option is to exploit conformal symmetry
in CFTs efficiently, as in [2]. There has been interesting
developments on entanglement dynamics in the “hydro-
dynamic” regime R, t  teq [7, 22, 23, 46–51], whereas
our work offers insights at earlier times. It would be very
interesting to combine these approaches to obtain a bet-
ter understanding of entanglement growth in quenches.
The first step in this direction can be taken by combining
the bound (2) with the linear regime of entropy growth
(6). We obtain a lower estimate on the local equilibration
time:
teq ≈ c seq
kB s2
& ~ seq
kB e
≈ ~
kBT
, (24)
which interestingly reproduces the well known Planckian
lower bound on teq. We expect new insights about out
of equilibrium dynamics to emerge from the interplay of
these disparate tools.
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Holographic entanglement entropy for the boundary
state quench
We present the derivation of equation (16), which gives
the parametric function (t(z∗), S(z∗)). As explained in
the main text, the boundary state quench is described
by a black brane geometry cut in half by an end of the
world brane. The geometry is given in (15) and is written
below in infalling coordinates:
ds2 =
1
z2
(
−a(z)dv2 − 2
b(z)
dvdz + d~x2
)
,
v ≡ t−
∫ z
0
dz′
a(z′)b(z′)
.
(25)
The time coordinate is extended behind the horizon as
t = tI +
ipi
a′(1)b(1) . Since the end of the world brane is
located at the fixed plane of time reflection symmetry
tI → −tI , its position in v is given by:
vbrane(z) =
ipi
a′(1)b(1)
−
∫ z
0
dz′
a(z′)b(z′)
. (26)
The entanglement entropy is computed as the area of
an extremal codimension-two surface that ends on the
end of the world brane behind the horizon. When the
subregion of interest is a half space, the HRT surface
only moves nontrivially in the (t, z) plane. Therefore its
embedding is given by z = z(v). The area functional was
computed in [7, 22, 23, 58]:
S(t) =
AΣ
4GN
∫ t
vbrane(z∗)
dv
√
Q
z(v)d−1
, Q ≡ a(z)+ 2z
′(v)
b(z)
,
(27)
where z∗ is the point where the HRT surface ends on the
end of the world brane. Since the functional is indepen-
dent of v, we have a conserved energy:
E =
1
zd−1
√
Q
(
a(z) +
z′(v)
b(z)
)
, (28)
which allows us to write the boundary time and the area
as
t(z∗) =
ipi
a′(1)b(1)
−
∫ z∗
0
dz
a(z)b(z)
√
1− a(z)a(z∗)
(
z∗
z
)2(d−1) ,
S(z∗) =
AΣ
4GN
∫ z∗

dz
zd−1
1
b(z)
√
a(z)− a(z∗)
(
z
z∗
)2(d−1) .
(29)
This is (16), as announced in the main text.
Holographic entanglement entropy at early times
The next step is to study the integrals (29) in the early
time regime, which corresponds to the limit z∗ → 1+. It
is important to notice that the integrals in both expres-
sions are singular at z = 1 and must be regularized. To
do this we divide the contour of integration into three
pieces: a section z ∈ [0, 1 − δ] outside the horizon, an
additional section z = 1−δ eiθ, θ ∈ [0, pi] around it in the
complex plane, and a final section z ∈ [1 + δ, z∗] inside
the horizon.
We take the following order of limits: 0 < δ 
(z∗ − 1)  1. For the integral t(z∗), the piece from
the middle section of the contour cancels the first term
ipi
a′(1)b(1) , while for S(z∗) this middle section contributes
only at O(δ). We expand the remaining integrals for
small δ. In both cases, the integral inside the horizon
contributes only a divergent piece, which cancels exactly
the divergence of the integral outside the horizon. We
obtain
tb(z∗) = −
√
−a′(1)(z∗ − 1)
(∫ 1−δ
0
dz
zd−1
b(z)a(z)3/2
− 2
b(1)(−a′(1))3/2√δ
)
+O(z∗ − 1) ,
Sˆ(z∗) =
a′(1)
8GN
AΣ(z∗ − 1)
(∫ 1−δ
0
dz
zd−1
b(z)a(z)3/2
− 2
b(1)(−a′(1))3/2√δ
)
+O
(
(z∗ − 1)2
)
,
(30)
which is the expansion given in the main text in (17). The constants Ci appearing in (17) have the explicit expression:
C1 = −
√
−a′(1)
(∫ 1−δ
0
dz
zd−1
b(z)a(z)3/2
− 2
b(1)(−a′(1))3/2√δ
)
,
C2 =
a′(1)
8GN
(∫ 1−δ
0
dz
zd−1
b(z)a(z)3/2
− 2
b(1)(−a′(1))3/2√δ
)
.
(31)
8We conclude from (18) that
s
(holo)
2 =
C2
C21
=
1
8GN
(
−
∫ 1−δ
0
dz
zd−1
b(z)a(z)3/2
+
2
b(1)(−a′(1))3/2√δ
)−1
. (32)
Quadratic growth bound from the NEC
First, we consider the NEC for the bulk matter com-
puted from the geometry, T bulkµν `
µ`ν ≥ 0, where T bulkµν is
the gravitational stress tensor, and `µ is an arbitrary null
vector in the bulk. Outside the horizon, 0 ≤ z ≤ 1, the
NEC translates into [58]:
d
dz
(
b(z)a′(z)
zd−1
)
≥ 0 ,
b′(z) ≥ 0 ,
(33)
which can be enforced by considering it as a system of
ordinary differential equations [58]:
d
dz
(
b(z)a′(z)
zd−1
)
= s(z) ,
b′(z) = t(z) ,
(34)
where the sources s(z) and t(z) positive due to the NEC
(33).
We can then solve these equations with the boundary
conditions a(0) = b(0) = 1 that impose AdS asymptotics,
and a(1) = 0 that fixes the location of the horizon [58]:
b(z) = 1 +
∫ z
0
dz′ t(z′) ,
B(z) ≡
∫ z
0
dz′
z′d−1
b(z′)
,
a(z) =
(
1− B(z)
B(1)
)(
1−
∫ 1
0
dz′ B(z′)s(z′)
)
−
∫ 1
z
dz′ (B(z)−B(z′)) s(z′) .
(35)
Since B(z) is a monotonically increasing function of z,
the last term in a(z) is always positive for 0 ≤ z < 1.
Furthermore, from the requirement that zh = 1 is the
outer horizon of the black brane (and hence a(z) > 0
in the region 0 ≤ z < 1), it follows that a′(1) < 0,
which implies
∫ 1
0
dz′ B(z′)s(z′) < 1. We will use these
ingredients to bound s
(holo)
2 given in (32).
Second, we apply the holographic dictionary to obtain
the stress tensor of the boundary theory [36]:
Tµν =
1
8piGN
lim
z→0
1
zd−2
[Kµν − γµνK
−(d− 1)γµν + (extra counter terms)] ,
(36)
where γµν is the boundary metric, Kµν is the extrinsic
curvature tensor, K = Kµµ , and the terms in the second
line are counter terms. We have written out the first uni-
versal counter term, and left the subleading ones implicit;
holographic renormalization is the technology developed
to deal with them [59]. We are interested in Poincare in-
variant field theories on flat space since the QNEC only
applies to these. Therefore γµν ∝ ηµν and all the counter
terms are required by symmetry to be proportional to
ηµν . To be specific, in case the CFT is deformed by a rel-
evant operator O, the dual bulk scalar field profile would
contribute to the extra counter terms in (36). One can
explicitly check that these extra counter terms are pro-
portional to ηµν . The near boundary expansion of the
metric functions was sketched in (19), which we repeat
here.
a(z) = 1− adzd + · · · ,
b(z) = 1 + #zp + · · · , (37)
where the zp term is induced by the scalar field profile,
with p < d. This term then contributes a divergent zp−d
term to the first line of (36) and is cancelled by the ex-
tra counter terms. All these details are irrelevant for
our case, where the null projection of the stress tensor,
Tµνk
µkν , cancels all terms proportional to ηµν . We con-
clude
pi(e+ p) =
dad
16GN
=
1
16GN B(1)
(
1 +
∫ 1
0
dz′ (B(1)−B(z′)) s(z′)
)
,
(38)
where in the second line we used (35).
Finally, we put the pieces together. We use the expres-
sions (35) to evaluate s
(holo)
2 from (32):
1
s
(holo)
2
≥ 8GN
 2B′(1)
(−a′(1))3/2√δ −
∫ 1−δ
0
dz
 B′(z)(
1− B(z)B(1)
)3/2 (
1− ∫ 1
0
dz′B(z′)s(z′)
)3/2

 , (39)
9where in the integral we dropped the last term from the
expression of a(z) since it is always positive on the do-
main on integration as discussed below (35). We also
used B′(z) = z
d−1
b(z) to remove all explicit dependence on
b(z). The remaining integral can be evaluated exactly as:
1
s
(holo)
2
≥ 16GNB(1)(
1− ∫ 1
0
dz′B(z′)s(z′)
)3/2 . (40)
Since the denominator is always smaller than one (but
cannot be zero as was explained below (35)), we get the
inequality:
s
(holo)
2 ≤
1
16GNB(1)
. (41)
Comparing with (38), and noticing that in (38) the term
in parentheses is always larger than one, we obtain the
bound:
s
(holo)
2 ≤ pi(e+ p) , (42)
which is saturated if and only if s(z) = t(z) = 0. This
corresponds to the AdS Schwarzschild black brane geom-
etry.
Quadratic growth bound for the Vaidya spacetime
In the SM we work with a more general class of Vaidya
spacetimes than in the main text: we allow the spacetime
before the infalling null shell to be the vacuum of a scale
non-invariant holographic theory. In the Vaidya space-
time, the metric components are a function of both z and
the infalling coordinate v. The v dependence comes from
the modeling of the infalling dust. For v > 0, the metric
takes the form of the black brane geometry:
ds2 =
1
z2
(
−a(z)dv2 − 2
b(z)
dzdv + dx2
)
, (43)
while for v < 0 we have the most general (boundary)
Poincare invariant spacetime dual to a renormalization
group flow:
ds2 =
1
z2
(
−dv2 − 2
f(z)
dzdv + dx2
)
, (44)
where the function f(z) obeys a null energy condition
f ′(z) ≥ 0 along with the boundary condition f(0) = 1.
These two geometries are glued together along the null
hypersurface v = 0 and give the v-dependent metric:
ds2 =
1
z2
(
−a(z, v)dv2 − 2
b(z, v)
dzdv + dx2
)
, (45)
where a(z, v) = 1−(a(z)−1)θ(v) and b(z) = f(z)−(b(z)−
1)θ(v). The transition between the two is produced by
a matter stress tensor localized on the null hypersurface,
corresponding to null dust with surface energy density
and pressure given by:
edust(z) =
z
8pi
(
f(z)2 − b(z)2a(z)) ,
pdust(z) =
1
8pi
(
b′(z)
b(z)
− f
′(z)
f(z)
)
.
(46)
Demanding that this localized stress tensor obeys the
NEC implies that these two quantities are always non-
negative. For the most often considered Vaidya setup,
given by b(z) = f(z) = 1, a(z) = 1 − zd, the second
condition is trivial, while the first condition is the familiar
positivity constraint on the black brane mass.
We note that from the gravitational perspective, we are
allowed to glue together the spacetime (44) with a black
brane with a(z) that in its small z expansion contains
lower powers than zd. As discussed around (37) such
terms are disallowed by Poincare invariance of the dual
field theory. If we allowed such terms, they would lead to
divergent change in energy and entanglement entropy in
the corresponding quench [60], which is hard to interpret
physically. This additional restriction together with the
NEC across the shell, edust(z) ≥ 0, pdust(z) ≥ 0 (46),
then implies:
δa ≡ a(z)− 1 = O(zd) ,
δb ≡ b(z)− f(z) = O(zd) . (47)
We will use these below. We remark that the first relation
implies that the source function s(z) defined in (34) is
regular near the AdS boundary. The regularity of b(z) at
the boundary demands the other source function t(z) to
also be regular. However, in other contexts it is necessary
to consider a singular s(z): the simplest example may
be a hairy Reissner-Nordstrom black brane in Einstein-
Maxwell gravity coupled minimally to a complex charged
scalar.
Now we turn to the entanglement entropy, which we
compute for entangling surface Σ of arbitrary shape. We
compute the area of the codimension-two HRT surface,
defined by the general embedding v = v(z, yi) and x =
~x(z, yi), where yi are coordinates that parametrize Σ in
the boundary theory and that we extend into the bulk.
In this parametrization, the area functional is:
S(t) =
1
4GN
∫ zt
0
dz dd−2y
1
zd−1
√
deth (48)
where 1z2 hαβ is the induced metric on the HRT surface,
and zt is the point of deepest penetration of the surface
into the bulk.
The early time behavior is characterized by the region
of spacetime in which the null shell is still close to the
10
boundary and most of the HRT surface lives in the space-
time (44) behind the shell. We thus regard the Vaidya ge-
ometry as a perturbation of the spacetime (44), and can
get the early time expansion of the entropy by taking the
static HRT surface that computes the entropy before the
quench and lives entirely in the region (44), and plugging
it into the deformed action functional [22, 23]. Since the
HRT surface is extremal, its change due to the chance in
geometry only contributes to the area at the next order.
Let us denote by zc the point where the HRT surface
crosses the null shell. While in general zc depends on y
i,
at early times t = zc + O(z
2
c ). We can then expand the
area functional as
Sˆ(t) =
∫ zc
0
dz dd−2y
(
δL
δa
δa+
δL
δb
δb
)
, (49)
where L ≡ 1
zd−1
√
deth. We subtracted S(0) to get Sˆ(t),
see below (17). Expanding the determinant
√
deth, we
arrive at
Sˆ(t) =
1
8GN
AΣ
∫ zc
0
dz
zd−1
(−δa− 2δb) , (50)
where δa, δb were defined in (47). There we showed that
both terms are O(zd), hence the integral is convergent.
The NEC implies that b, f > 0, hence from (46) also
that δb ≥ 0. We can then bound the entropy from above
by dropping the −2δb term from (50), and plug in the
leading small z behavior of −δa to get:
Sˆ(t) ≤ 1
8GN
AΣ
∫ zc
0
dz
zd−1
(
adz
d
)
+ · · · . (51)
Applying the holographic dictionary to relate ad with
(e + p) (38), and using that to leading order zc = t, we
get:
Sˆ(t) ≤ pi(e+ p)AΣt
2
d
+ · · · . (52)
Thus
s
(holo)
2 ≤
pi(e+ p)
d
. (53)
As emphasized in the main next, this bound is stronger
by a factor of d than the general field theory bound
derived from the QNEC. We conclude that the Vaidya
quench never saturates the QNEC bound (2).
